INTRODUCTION
Let X be a Banach space. For any subsets A, B oî X, we define h x (A t B) = sup dist z (a, B) aeA 
C in X under T(t) if S z (T(r) C, B) -+ 0 as f -> + oo. A set B in Xis invariant
if 7X0 fi = B for ^ ^ 0. A set ^ in X is the attractor oiTîis/ is compact, invariant and attracts any bounded set fi in X. A set j^ in X is called a /oca/ attractor if it is compact, invariant and there is an open neighbourhood % of J& such that se attracts %. The semigroup T(t) is asymptotically smooth if, for any bounded set B inXfor whieh T{t) B a B, t ^0, there is a compact set / c fi which attracts fi. If T(t) is asymptotically smooth, {T(t) B,t~*0} is bounded if B is bounded, and there is a bounded set B t which attracts each point of X, then T(t) has an attractor j/ (see [Haie (1), (2) ] and the références therein).
Suppose now that ê is a topological space and {r e (t),^0,eel} isa family of semigroups on X for which each T e (t) has an attractor sf Bf for e € #. It is important to understand how the set se t dépends upon 8. It is also the simplest question that one can ask. We say sé z is uppersemicontinuous at s = 0 if §y(^&? j$ 0 ) -+ 0 as e -> 0. We say se z is lowersemicontinuous at e = 0 if $^(^o> j^e) -» 0 as s -> 0. We say j^e is continuous at e = 0 if it is upper-and lower-semicontinuous at e =0. The same définitions hold if we replace the family of attractors j/ e by a family of local attractors se' e .
The first gênerai resuit of upper-semicontinuity has probably been given by [Cooperman] (see also [Haie (2), Sections 2.5, 3.5 and 4.10]). Assume that T Q (t) has a local attractor j^0 attracting an open neighbourhood %Q of j^o, that each T z (t), sel, is asymptotically smooth and that T t (t)x is continuous in (t,x, e), the continuity in e being uniform with respect to (t,x) in bounded sets of ix % 0 . Then» for s in a small neighbourhood of 0 in <f, T z (t) admits a local attractor se' c which attracts a bounded open neighbourhood % x of ^o and which is upper-semicontinuous at £ = 0, Hère the upper-semicontinuity in e is an easy conséquence of the continuity hypothesis and of the strong stability properties of the attractors In many of the encountered problems, T E (t)x has not the strong continuity property mentioned above. For instance, T t (t), for & ^0 ? can correspond to a Galerkin approximation or a time discretization of T 0 (t) (see the examples 2.1 and 2.2 below). However the upper-semicontinuity property still holds in this case, because actually, the semigroups T È (t) need only « approximate » T 0 (t) on bounded sets of X, in a fairly gênerai sensé (see [Haie, Lin and Raugel] for this approximation condition).
In other cases, it may be possible to assert that sé z is upper-semicontinuous at e = 0, even if T e (t) does not approximate T 0 (t) on bounded neighbourhoods of s0 o in X For instance, the sets sé E may satisfy some additional smoothness properties and lie in a smoother subspace Y of X so 
4).
Without some further hypotheses on the flow restricted to the attractor S/Q, there will be no lower-semicontinuity of the sets s# e at e = 0. Let us consider the following ordinary differential équation depending on the real parameter e :
If e<0, j/ e = {(-1)} ; for 8 = 0, j^o= [-1.0] and if O^essl, si\ = [-1, VE]. Clearly si' e is not lower-semicontinuous at e = 0, for s ^ 0. This drastic change in the size of the attractor s/ e when e passes through zero in this example is caused by the fact that zero is not a hyperbolic equilibrium. If T Q (t) is a Morse-Smale system (that is, the nonwandering set is a finite set consisting only of hyperbolic equilibria and hyperbolic periodic orbits, with the stable and unstable manifolds transversal), then the attractors si' e are continuous at e = 0 and the corresponding flows restricted to the attractors are shown to be topologically equivalent (see [Haie, Magalhâes and Oliva, chapter 10]). This result contains much more information than lower-semicontinuity. For lower-semicontinuity, the requirement of hyperbolicity is natural, as shown by the above example. From an intuitive point of view, the condition of transversality should be unnecessary. Moreover, transversality is a global property for which no gênerai procedure for vérification is available. Here we present a class of semigroups T t (t ) for which one has the lower-semicontinuity property (see Theorem 3.1 in Section 3 and [Hale, Raugel(2)]). Roughly speaking, the lower-semicontinuity property holds for Systems T e (t) which approximate T 0 (t) in an appropriate sense and whose limit at e = 0 is a gradient system, the equilibrium points of which are hyperbolic. We remark that all of the required conditions are local except the condition (4) in the définition 3.1 of gradient Systems ; but this condition (4) is often easy to verify in applications.
Although the property of hyperbolicity of the equilibrium points is a strong hypothesis, it is generic in many examples. For instance, for scalar parabolic or hyperbolic équations in one space variable with the nonlinearity ƒ (u) depending only on the dependent variable u and not on its derivatives vol. 23, n°3, 1989 522 G RAUGEL or the spatial variable, genene hyperbolicity has been proved by [Brunovsky and Chow] , [Smoller and Wasserman] , [Henry (2) ] (for a related resuit, see [Rocha] ) For the same situation with several space variables, genene hyperbolicity with respect to the domain has been shown by [Henry (3) ] In the case of several space variables, with f(u,x) = h{u) -g(x), genene hyperbolicity with respect to g has been shown by [Babm and Vishik (1)] Our resuit on lower-semicontinuity is gênerai enough to be apphed to numerical approximations of parabohe équations or to smgularly perturbed problems Finally, let us emphasize that this lower-semicontmuity property should hold for more gênerai Systems than gradient ones
EXAMPLES OF UPPER-SEMICONTINUITY
We will not state the gênerai upper-semicontmuity resuit contamed m [Haie, Lin and Raugel, Section 2], because the précise hypotheses are a httle technical Let e > 0 be a parameter which will tend to zero and, for 0 < e ^ E 0 , let X^ be a family of subspaces of the Banach space X= X o For 0 ^ e === e 0 , let T z (t), t s= 0, be a C°-semigroup on X t which is asymptotically smooth Assume that T$(t) has a local attractor j^0 and that there are an open neighbourhood % 0 of s# 0 where u 0 belongs to V and ƒ : V -> H is locally Lipschitz continuous.
We set
By [Henry (1) , Chapter 2], we know that under the above hypotheses on A, ƒ and w 0 , there is a unique solution in V of équation (2.3) on a maximal interval of existence (0, T(W 0 )). Hère we assume that ail solutions are defined for f =& 0, so that we can introducé the C°-semigroup T 0 (t) :
. We also suppose that T 0 (t) has a (local) attractor j/^ attracting a bounded open neighbouxhood Now, let us turn to a finite-dimensional approximation of équation (2.3). Let s > 0 be a real parameter which will tend to 0 and (V t \ be a family a finite-dimensional subspaces of V. We introducé the operator si z e ; V z ) defined by 
Semidiscretization in time of a para bol ic équation
We now turn to a semidiscretization in time of équation (2.3) by a onestep method. Hère we assume moreover that A has a compact résolvent and that ƒ belongs to C 2 (V ; H). Let k be a positive time incrément which will tend to 0 and let t n = nk, neN, and define an approximation u n of the solution of (2.3) at time t n by the recursion formula where -<6^1.
We introducé the mapping T k e S£ (V ; V) defined by T k u 0 
A singularly perturbed hyperbolic équation
Consider now the hyperbolic équation
(ii) u e = 0 on aa , (2.10)
where ft is a bounded smooth domain or a convex polyhedral domain in R", n = 1, 2, 3, e is a positive parameter which will tend to zero, 
(i) JL-àu=*-?(u)-h(x)
in Ox(0, + oo)
(ii) u = 0 on 8Û, (2, 14) (iii) u(0 9 x) = u 0 (x).
Under the above hypotheses, there is an attractor j^0 of (2.14) in H^(a) (see [Haie (1) For a a positive constant and ƒ a C 2 -function satisfying (2.11), (2.12) and (2.13), we consider the équation
A réaction diffusion équation on a thin domain
(ii) 5^ = 0 on ag e , (2.18)
where n £ is the outer normal to 8<2 8 We want to relate the dynamics of (2.18) to the dynamics of the équation
where u 0 belongs to ^(fl) and n is the outer normal to dfl.
Under the above hypotheses, in the scaled domain Q = O, x (0,1) defined by the change of variables x = i, y -g (i, s ) T\ 9 the équation (2.18) has an attractor ^ctffô). The équation (2.19) also has an attractor which is naturally embedded into H l (Q).
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(T(t)x) is nonincreasing in t for each x e X, (4) if x is such that y (T(t) x) = y(x)for alltinR,thenxis an equihbrium point, that is } T(t)x = x for ail t in R
We now state a particular case of the lower-semicontinuity resuit of [Haie, Raugel (2)] For 0 =s e ^ e 0 , let X z be a family of subspaces of the Banach space X, endowed with the norm ||-\\ x and let T e (t), t ^ 0, be a family of semigroups on X E We make the following hypotheses on T e (t) Assume that all of the equilibnum points of (2 14) are hyperbohc Then one easily proves that the hypotheses of Theorem 3 1 and the inequality (3 2) are satisfïed with p = 1 Therefore one can apply Theorem 3 1 and the estimâtes (3 1) and (3 3) hold for a real number q y 0 < q ^ 1, for 0 < e ^ e 0 (see [Hale, Raugel (2) 
